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Abstract
We study a possible origin of the anomalous suppression of the power spectrum at large angular
scales in the cosmic microwave background within the framework of explicit string inflationary
models where inflation is driven by a closed string modulus parameterizing the size of the extra
dimensions. In this class of models the apparent power loss at large scales is caused by the
background dynamics which involves a sharp transition from a fast-roll power law phase to a period
of Starobinsky-like slow-roll inflation. An interesting feature of this class of string inflationary
models is that the number of e-foldings of inflation is inversely proportional to the string coupling
to a positive power. Therefore once the string coupling is tuned to small values in order to trust
string perturbation theory, enough e-foldings of inflation are automatically obtained without the
need of extra tuning. Moreover, in the less tuned cases the sharp transition responsible for the
power loss takes place just before the last 50-60 e-foldings of inflation. We illustrate these general
claims in the case of Fibre Inflation where we study the strength of this transition in terms of the
attractor dynamics, finding that it induces a pivot from a blue to a redshifted power spectrum which
can explain the apparent large scale power loss. We compute the effects of this pivot for example
cases and demonstrate how magnitude and duration of this effect depend on model parameters.
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I. INTRODUCTION
The major ideas of the inflationary paradigm have received further confirmation by the
recent results from the Planck Collaboration [1]. The new results have provided measure-
ments of the cosmic microwave background (CMB) with increased sensitivity. An interesting
feature of the Planck measurements is the observation of an anomalously low power of the
thermal fluctuations at large angular scales. This anomaly was already present in the ob-
servations of the Cosmic Background Explorer [2] and was observed with a greater accuracy
by Wilkinson Microwave Anisotropy Probe (WMAP) [3].
Given that inflation predicts a roughly flat spectrum of primordial perturbations — and
the subsequent evolution of these perturbations does little to qualitatively modify the largest
scales — the fluctuations probed by the lowest multipole moments should be roughly scale-
invariant. The “anomaly” refers to the fact that the lowest moments of the angular power
spectrum are observed to be lower than expected.
The origin of this anomaly is not concluded to be primordial yet; there exist questions
regarding statistical analysis and secondary anisotropies. If this anomaly is indeed primordial
in nature, then the physics associated to this power suppression must have acted just prior to
the observationally relevant number of e-foldings before the end of inflation. This remains
an open problem, and it is worthwhile to understand its origin and general features in
inflationary models. In this paper we investigate this anomaly in the context of inflationary
models arising from string theory.
The inflation paradigm involves a scalar field, dubbed the “inflaton”, which drives a
period of exponential expansion of the spacetime metric. This field evolves slowly during
the inflationary stage with the dynamics determined by a fairly flat potential. This scenario
is supported by all cosmological observations and is referred to as slow-roll inflation [4, 5].
It has already been observed that a deviation from the slow-roll behavior during a pre-
inflationary phase just prior to horizon exit can generate a loss of power at large scales by
introducing an energy cut-off in the power spectrum that modifies the density fluctuations [6–
16]. The presence of this cut-off could arise from an early “stringy” epoch, an initial period
of matter or radiation domination, an oscillating scalar field coupled to the inflaton, or
large radiative corrections to the effective inflaton potential.1 These are all models of “just
1 An enhancement/suppression of the power spectrum at large scales might also be due to first order
3
enough” inflation, where the amount of inflation is just the one necessary to solve the
problems of the standard cosmological scenario.
If the power suppression at large scales is indeed a physical effect, this raises a “coincidence
problem”: why did inflation last just long enough to solve the flatness and horizon problems?
In principle, there is no reason why inflation should have lasted only for 50-60 e-foldings but
not more. On the other hand, if the slow-roll evolution gave rise to a number of e-foldings
larger than 50-60, we should not see any suppression of the power spectrum at the longest
wavelength modes.
Recently, it was shown that a deviation from slow-roll occurs naturally in inflection point
scenarios where the inflaton changes its trajectory from fast to slow-roll while approaching
the inflection point [18]. This transition from chaotic to inflection point inflation causes the
spectrum to pivot from blue to red, and can be tuned to occur at the onset of fifty to sixty
e-foldings of inflation.
However, a transition can occur also from a power law to a Starobinsky-like potential
and generate a loss of power at large scales. In this paper we shall argue that there exist
promising inflationary models with this feature arising from string theory [19]. These are
models where the inflaton is a closed string modulus parameterizing the size of the extra
dimensions, namely a Ka¨hler modulus which is the volume of a divisor of the internal
Calabi-Yau manifold [20]. Possible models within this scenario include: Ka¨hler Moduli
[21], Fibre [22] and Poly-Instanton Inflation [23]. These models differ from each other due
to the different, perturbative or non-perturbative, effects used to develop the inflationary
potential, and the different topological nature of the inflaton, but share the same solution
to the η-problem based on an approximate shift symmetry of the Ka¨hler potential caused
by the so-called “extended no-scale structure” [24]. Moreover, this class of models leads
to the rather universal predictions of a spectral index ns in the observed window, a non-
detectable tensor to scalar ratio r (with some differences between the three models) and a
lack of observable non-Gaussianity [19].
This perfect agreement with the Planck observations is due to the fact that in each
of these models the inflationary potential has the same shape of the R + R2-model [25]
even if it has a different microscopic derivation. In particular, in this class of models, the
inflaton does not develop its potential by balancing different terms in the same expansion
corrections to the scalar fluctuations coming from quantum gravity effects [17].
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but by competing terms in different expansions: α′ and gs perturbative effects on top of
non-perturbative corrections to the effective action. In this sense, these models are more
robust than the Starobinsky scenario.
However, for large values of the inflaton, stringy corrections spoil the flatness of the
potential, inducing a natural transition from an early period of fast-roll evolution to a
later stage of standard slow-roll inflationary dynamics. This transition between inflationary
trajectories can differentiate these stringy models from standard R + R2 scenarios, and be
responsible for the loss of power at the largest scales if it occurred just before the last 50-60
observed e-foldings of inflation.
As we have already pointed out, this “coincidence problem” requires in general a specific
tuning of initial conditions. However, in these string inflationary models, the flatness of the
potential — and therefore the number of redshifted e-foldings of inflation Ne — is tied to
the size of the string coupling gs. We shall show that Ne ∝ g−ks with k > 0, implying that
larger numbers of e-foldings correspond to more fine-tuned situations with a tiny value of
the string coupling which is the set by the underlying choice of background flux quanta.
Therefore, the requirement of trusting string perturbation theory for gs  1, automatically
guarantees enough e-foldings to solve the flatness and horizon problems, preferring values of
Ne as close as possible to its minimal value compatible with cosmological observations.
In this paper, we shall illustrate these general claims in the particular case of Fibre
Inflation and explicitly calculate the amount of power loss in terms of model parameters.
We will see that a large drop of power as observed in the data is achievable for reasonable
values of model parameters.
This paper is organized as follows: in Sec. II we discuss slow-roll inflation and density
perturbations. In Sec. III, we summarize the Fibre Inflation model. In Sec. IV we calculate
the power spectrum at large scales in the Fibre inflation model. Finally, in Sec. V we
conclude with a discussion of our results.
II. A SLOW-ROLL PRIMER
This section is a brief review of the aspects of slow-roll inflation required for the study of
the large scale power loss from string-inspired models. In addition to establishing conventions
and notation, we emphasize dynamical features and background solutions which we will
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employ in our discussion. To facilitate the discussion on power loss, we emphasize the
possibility of a pivot from a blue to a red-shifted spectrum. In our analysis we employ
natural units where c = ~ = MP = 1.
A. Evolution of the background
We study a single scalar field ϕ minimally coupled to gravity under the cosmological
assumptions of spatial homogeneity and isotropy. We employ the spatially-flat Friedmann-
Lemaˆıtre-Robertson-Walker metric, whose line element is:
ds2 = −dt2 + a2(t) (dx2 + dy2 + dz2) .
The inclusion of non-vanishing spatial curvature is straightforward and does not qualitatively
affect the results below. The well-known field equations for the gravity-scalar system are:
3H2 =
1
2
ϕ˙2 + V , H˙ = −1
2
ϕ˙2 , ϕ¨+ 3Hϕ˙+ Vϕ = 0 . (1)
Dots represent time derivatives, H = a˙/a, and a subscript ϕ denotes a partial derivative with
respect to the ϕ field. It is convenient to parameterize time with the number of e-foldings of
expansion Ne = ln a. In such a case, ϕ˙ = ϕ
′H, where primes denote derivatives with respect
to Ne. In this variable the Hubble parameter is:
H2 =
V
3(1− 1
6
ϕ′2)
, (2)
and the third field equation in (1) becomes:
ϕ′′ =
1
2
(ϕ′ +
√
6)(ϕ′ −
√
6)
(
ϕ′ +
Vϕ
V
)
. (3)
From this perspective, the would-be singular solution to (3):
ϕ′ ≈ −Vϕ
V
= −∂ϕ lnV , (4)
is a dynamical attractor which describes slow-roll trajectories. In fact, using the standard
definition of the slow-roll parameters  and η:
 ≡ 1
2
(Vϕ
V
)2
and η ≡ Vϕϕ
V
, (5)
the relation (4) implies:
ϕ′′ ≈ − (η − 2)ϕ′ , (6)
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which is a singular solution to (3) only if the usual slow-roll conditions are satisfied:  1
and |η|  1.2 Phrased in terms of kinematic variables, the slow-roll approximation is valid
if the quantity Ξ, defined as:
Ξ ≡ ϕ
′′
ϕ′
, (7)
is very close to zero. If Vϕ/V happens to be a constant, then (4) is an exact solution to the
equations of motion. This can be realized with exponential potentials, for example. Such
potentials can induce a period of power law inflation. This will play an important roˆle in
our discussion of power loss below.
Lets us make a final comment about accelerated expansion. The so-called deceleration
parameter q obeys:
(−q) = a¨a
a˙2
= 1− H˙
H2
= 1− 1
2
φ′2 . (8)
Therefore, a universe dominated by a scalar condensate has accelerated expansion only if
|φ′| < √2. Note that an artifact of parameterizing time with Ne is a bound on |φ′| ≤
√
6,
which is saturated during the case of kinetic energy domination.
B. The curvature perturbations
Linear perturbations around the (a,ϕ)-system define primordial quantum fields whose
observed effects modulate the otherwise spatially uniform background. To linear order,
the curvature perturbation R(t, ~r), can be thought of as a scalar field representing local
deviations from the background value of Ne. When computing the perturbations, we work
in the comoving gauge which fixes metric and ϕ perturbations to be:
gij = a
2 [(1− 2R) δij + hij] and δϕ = 0 . (9)
Here hij is transverse-traceless and represents the primordial tensor modes.
To linear order, the perturbed field equations for the Fourier modes, Rk, of R are:
R??~k + 2aHR?~k +
[
k2 − 2H(1 + Ξ)]R~k = 0 , (10)
where k = |~k| and stars denote derivatives with respect to conformal time η(t) = ∫ t−∞ dτa(τ) .
The Mukhanov-Sasaki variable Q = aR brings (10) into a more tractable (Liouville) form:
Q??k +
[
k2 − (aH)2
(
(2 + Ξ− 1
2
φ′2)(1 + Ξ) + Ξ′
)]
Qk = 0 . (11)
2 For a broader discussion in this context see [26].
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The solutions to (11) can be written in terms of spherical Hankel functions. For a consistent,
Minkowski-like vacuum we consider only outgoing modes, which specifies one of the boundary
values. The normalized wavefunctions are then:
Qk = kη h
(1)
ν (kη)√
2k
, (12)
where:
ν(1 + ν) = (aHη)2
[
(2 + Ξ− 1
2
φ′2)(1 + Ξ) + Ξ′
]
. (13)
During slow-roll inflation, the prefactor (aHη)2 is exponentially close to unity. In terms of
the spectral-tilt, ν will have a crucial roˆle to play in Section IV.
The power spectrum of primordial perturbations P(k) is related to the variance of Rk:
〈R~kR~k′〉 = (2pi)3P(k)δ(3)(~k + ~k′) . (14)
The (scalar) spectral index is then defined to be:
ns = 3− d logP(k)
d log k
, (15)
so that ns = 0 corresponds to fluctuations around a quasi-de Sitter background:
PdS(k) = H
4
φ˙2k3
, (16)
i.e. one with an inverse cubic power for k.
Having reviewed the basics of inflation, we now describe the string-inspired context in
which we perform our analysis of the pivoting spectral tilt.
III. FIBRE INFLATION
In this section we shall review the main features of Fibre Inflation [22].
A. The leading potential
The simplest version of Fibre Inflation involves a Calabi-Yau three-fold with h1,1 = 3
Ka¨hler moduli, τi, i = 1, 2, 3, and a volume of the form [27]:
V = α
(√
τ1τ2 − γτ 3/23
)
, (17)
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where the constants α and γ are given in terms of the triple intersections numbers as α =
1/
√
2κ122 > 0 and γ =
2
3
√
κ122
k333
> 0. We shall also work in the regime:
V ' α√τ1 τ2  αγτ 3/23  1 . (18)
Let us consider the scalar potential computed using the leading α′ corrections to the
Ka¨hler potential, as well as including non-perturbative corrections to the superpotential:
K = K0 + δK(α′) = −2 ln
(
V + ξˆ
2
)
and W = W0 + A3e
−a3T3 , (19)
where W0 is the flux-generated tree-level superpotential, T3 = τ3+ib3, A3 is an O(1) constant
and:
ξˆ ≡ ξ
g
3/2
s
=
ζ(3) (h1,2 − 3)
(2pi)3g
3/2
s
and a3 =
2pi
N3
, (20)
with N3 ∈ N and h1,2 giving the number of complex structure moduli stabilized by back-
ground fluxes at tree-level. After minimizing with respect to the T3-axion b3 (〈b3〉 = pi/a3),
the resulting F-term supergravity scalar potential looks like:
Vlead =
8 a23A
2
3
3αγ
(√
τ3
V
)
e−2a3τ3 − 4|W0|a3A3
( τ3
V2
)
e−a3τ3 +
3 ξˆ|W0|2
4V3 + Vup , (21)
where we added also an uplifting contribution Vup to obtain a Minkowski vacuum. Notice
that, at this order of approximation, V depends only on two of the three moduli: V =
V (V , τ3). Therefore the combination of τ1 and τ2 orthogonal to V is a flat direction, resulting
in a perfect candidate for an inflaton field. On the other hand, the minimum for V and τ3
is located at:
〈τ3〉 =
(
ξˆ
2αγ
)2/3
and 〈V〉 =
(
3αγ
4a3A3
)
|W0|
√
〈τ3〉 ea3〈τ3〉 , (22)
where the generic situation without any tuning of the underlying flux quanta gives |W0| ∼
O(1). The remaining flat direction can be lifted at subleading order in a large volume
expansion by including string loop corrections to the Ka¨hler potential. These effects will
develop a potential for the inflaton field.
B. The subleading potential
The τ1 and τ2-dependent string loop corrections to the scalar potential can be estimated
to scale as [22]:
Vsub '
(
A
τ 21
− BV√τ1 +
Cτ1
V2
) |W0|2
V2 , (23)
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where the constants A, B and C are given in terms of the underlying parameters gs  1
and CKK1 ∼ CKK2 ∼ CW12 ∼ O(1) as (see [22] for more details):
A =
(
gsC
KK
1
)2
> 0 B = 4αCW12 C = 2
(
αgsC
KK
2
)2
> 0 . (24)
As we shall see later on, the term in (23) proportional to B is responsible to drive the
inflationary dynamics, while the term proportional to A controls the end of inflation. On
the other hand, the term proportional to C determines the power suppression at large
angular scales. Given that the expression (23) is not the result of an exact computation of
string scattering amplitudes, but it is more an educated guess based on toroidal orientifold
computations [28] and the low-energy Coleman-Weinberg potential [24], we shall consider
a more general form of the term proportional to C in order to perform a more complete
analysis of the power loss at large scales. On dimensional grounds, we generalize:
Cτ1
V2 −→
Cτ1
V2
(
τ1
τ2
) 2n
3
=
Cτ 1+n1
V2+ 2n3 , (25)
where we take n > 0 to be a phenomenological parameter whose vanishing leads to the limit
of (23). Physically, n controls the leading behavior at large τ1. As discussed below, the
pivot from a blue to a red-shifted spectrum is very sensitive to n.
The minimisation condition for the generalized potential can be written as:
x2 − x− (1 + n) δ0
2
(
ζ
x
) 2n
3
= 0 with x ≡ ζV
τ
3/2
1
, (26)
where the small parameters δ0 and ζ are defined as:
δ0 ≡ 16AC
B2
= 2g4s
(
CKK1 C
KK
2
CW12
)2
 1 and ζ ≡ 4A
B
= g2s
(
CKK1
)2
αCW12
 1 . (27)
Given that δ0 ' O(g4s) and ζ ' O(g2s), both of these parameters are naturally much smaller
than unity for gs  1, i.e. in the regime where one can trust string perturbation theory.
In the n = 0 case, (26) becomes:
x2 − x− δ0
2
= 0 , (28)
which admits two solutions for δ0  1: x ' 0 + O(δ0) and x ' 1 + O(δ0). Focusing on
positive values of B, i.e. positive values of ζ, which in turn implies positive values of x,
the first solution has actually to be discarded since it becomes negative once subleading
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corrections are taken into account: x ' −δ0/2. We shall therefore focus on the second
solution. Including also subdominant effects, we obtain:
x ' 1 + δ0
2
⇔ 〈τ1〉 ' (ζV)2/3
(
1− δ0
3
)
. (29)
In the general case with n > 0, the third term in (26) keeps being a subleading effect due to
the smallness of δ0 and ζ and the fact that the solution for x is around x ' 1. By defining
the new small parameter δ as:
δ ≡ (1 + n) δ0ζ 2n3 ' O
(
g
4(1+n3 )
s
)
 1 −→
n→0
δ0 , (30)
the minimisation condition (26) can be rewritten as:
x2 − x− δ
2
x−
2n
3 = 0 . (31)
Parameterizing the solution in terms of an unknown constant λ as x = 1 + λδ, we can solve
(31) exactly at O(δ):
x2 − x− δ
2
x−
2n
3 =
(
λ− 1
2
)
δ +O(δ2) ⇒ λ = 1
2
. (32)
The final solution for the VEV of τ1 is therefore:
〈τ1〉 ' (ζV)2/3
(
1− δ
3
)
. (33)
C. The canonically normalized inflaton potential
In order to work out the scalar potential for the canonically normalized inflaton field, we
need to consider the kinetic terms which take the form (trading τ2 for V):
− Lkin√−g =
3
8τ 21
(∂τ1)
2 +
1
2V2 (∂V)
2 − 1
2τ1V ∂τ1∂V . (34)
In the previous expression we neglected terms involving derivative with respect to τ3 since
these contributions are suppressed by 1/V  1. The expression (34) can be put into
canonical form by performing the following transformation:
V = e
√
3
2
χ, τ1 = e
√
2
3
χ+ 2√
3
φ
. (35)
As shown in [29], χ and φ are also eigenstates of the mass matrix (up to a tiny dependence
of V on φ introduced by string loop effects). The moduli V and τ3 are heavier than τ1,
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and so they will reach their minima first. In order to study the inflationary dynamics, we
can therefore consider V and τ3 as fixed at their minima and τ1 slowly rolling toward its
minimum. In this situation, τ1 is given in terms of the canonically normalized inflaton φ as:
τ1 = 〈τ1〉 e
2√
3
φˆ ' ζ2/3〈V〉2/3
(
1− δ
3
)
e
2√
3
φˆ
, (36)
where we shifted φ with respect to its minimum as φ = 〈φ〉+ φˆ.
Plugging the expression (36) in (23), and taking into account the generalization (25), the
inflationary potential becomes (working to linear order in δ):
Vinf =
A|W0|2
ζ4/3〈V〉10/3
[(
1 +
2δ
3
)
e
− 4√
3
φˆ − 4
(
1 +
δ
6
)
e
− 1√
3
φˆ
+
δ
(1 + n)
e
2√
3
(1+n)φˆ
+ Cup
]
, (37)
where the uplifting contribution Cup has to be adjusted such that Vinf(〈φˆ〉 = 0) = 0. This
requires Cup = 3 − δ(1+n) . The prefactor of the potential (37) can be rewritten in terms of
the mass of the inflaton field around the minimum since:
m2φ =
∂2Vinf
∂φˆ2
∣∣∣∣∣
φˆ=0
=
4A|W0|2
ζ4/3〈V〉10/3
[
1 +
7δ
6
(
1 +
2n
7
)]
. (38)
This gives the final expression for the inflationary potential:
Vinf '
m2φ
4
[(
1 +
2δ
3
)
e
− 4√
3
φˆ − 4
(
1 +
δ
6
)
e
− 1√
3
φˆ
+
δ
(1 + n)
e
2√
3
(1+n)φˆ
+ 3− δ
(1 + n)
]
.
(39)
The potential from (39) is illustrated for various values of δ and n in Fig. 1. Due to the
smallness of the parameter δ, the positive exponential term is completely negligible close
to the minimum where φˆ = 0 and in most of the inflationary region. However for larger
values of φˆ, this term will become important and spoil the flatness of the potential causing
a departure from slow-roll.
As we shall see, the number of e-foldings depends on the range in field space where the
inflaton potential can be kept flat, and so they will be inversely proportional to δ. Larger
numbers of e-foldings will then correspond to smaller values of δ which, in turn, imply a
smaller value of gs, and so a more fine-tuned situation. Therefore the underlying string
construction is preferring a number of e-foldings close to the minimal value to solve the
flatness and horizon problems, i.e. 50 . Ne . 60. This observation will be crucial later on
in our study of the power loss at large angular scales.
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Furthermore, the inflaton mass around the minimum and the uplifting contribution will
set the Hubble constant during inflation when, due to the large value of φˆ, the two negative
exponential terms are negligible:
Hinf ' V
1/2
inf
3
' mφ
2
√
3
. (40)
If one then computes the effective inflaton mass during inflation:
m2inf ' −4H2inf e−
1√
3
φˆ
, (41)
it is easy to notice that it is tachyonic and that |m2inf |  H2inf for large φˆ, implying that this
potential is naturally flat due to its typical exponential behaviour.
We finally mention that the expression (36) allows us to have a pictorial view of the
inflationary dynamics which takes place at constant volume with the inflaton slow-rolling
towards its minimum from large to small values of φˆ. This implies that during inflation the
base × fibre structure of the volume evolves from an initial situation with a large fibre τ1
and a small base t1 ∼ τ2/√τ1 to a final situation with a small fibre and a large base keeping
the overall volume constant.
D. Slow-roll dynamics
We can now use the potential (39) to compute the slow-roll parameters  and η from (5).
For δ  1 they turn out to be:
 ' 8
3
 e− 1√3 φˆ − e− 4√3 φˆ + 12 δ e 2√3 (1+n)φˆ
3− 4e− 1√3 φˆ + e− 4√3 φˆ + δ
(1+n)
e
2√
3
(1+n)φˆ
2 , (42)
η ' −4
3
 e− 1√3 φˆ − 4e− 4√3 φˆ − δ(1 + n) e 2√3 (1+n)φˆ
3− 4e− 1√3 φˆ + e− 4√3 φˆ + δ
(1+n)
e
2√
3
(1+n)φˆ
 . (43)
The inflationary dynamics can be understood by noticing that η vanishes in two points, φˆip1
and φˆip2, which determine three regions of field space, φˆ . φˆip1, φˆip2 . φˆ and φˆip1 . φˆ . φˆip2:
• φˆ . φˆip1: for values of φˆ close to the minimum, the positive exponential term can be
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completely neglected, and so the slow-roll parameters take the simplified form:
 ' 8
3
(
e
− 1√
3
φˆ − e− 4√3 φˆ
3− 4e− 1√3 φˆ + e− 4√3 φˆ
)2
, (44)
η ' −4
3
(
e
− 1√
3
φˆ − 4e− 4√3 φˆ
3− 4e− 1√3 φˆ + e− 4√3 φˆ
)
. (45)
Hence the potential develops an inflection point at φˆip1 where:
φˆip1 ' ln 4√
3
' 0.80 . (46)
At this point  becomes (φip1) ' 1.46, and so the slow-roll conditions are violated due
to the vicinity to the minimum. However for larger values of φˆ,  decreases until slow-
roll is established. This occurs rather close to the inflection point since for φˆend = 1,
 becomes (φˆend) ' 0.78 while η(φˆend) ' −0.25. We shall consider this as a good
point to end inflation (the final predictions are not sensitive to the exact point where
inflation ends).
• φˆip2 . φˆ: for values of φˆ  φˆip1, one of the negative exponential terms can be
completely neglected, and the slow-roll parameters simplify to:
 ' 8
3
 e− 1√3 φˆ + 12 δ e 2√3 (1+n)φˆ
3− 4e− 1√3 φˆ + δ
(1+n)
e
2√
3
(1+n)φˆ
2 , (47)
η ' −4
3
 e− 1√3 φˆ − δ(1 + n) e 2√3 (1+n)φˆ
3 + e
− 4√
3
φˆ
+ δ
(1+n)
e
2√
3
(1+n)φˆ
 . (48)
Thus the potential develops a second inflection point located at φˆip2 where:
φˆip2 ' − ln [δ (1 + n)]√
3
(
1 + 2n
3
) ≈ − ln δ√
3
(
1 + 2n
3
) . (49)
At this point  is still satisfying the slow-roll condition since:
(φip2) ' 2
3
δ
2
3+2n  1 , (50)
and the value of the spectral index is controlled by the small parameter δ:
ns(φip2)− 1 ' 2η(φip2)− 6(φip2) ' −6(φip2) ' −4 δ 23+2n . (51)
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As we shall see, δ controls also the number of e-foldings, creating a tension between
obtaining enough e-foldings and, at the same time, a correct value of the spectral index
(in particular, a value of ns which is not too close to 1 for δ  1). If we now consider
values of φˆ > φˆip2, parameterized as φˆ = φˆip2+ϕˆ, η changes sign and becomes positive:
 ' 3
8 (1 + n)2
η2 where η ' 4
9
(1 + n)δ
1
3+2n e
2√
3
(1+n)ϕˆ
> 0 . (52)
Clearly, η still satisfies the slow-roll condition η  1 if:
ϕˆ ϕˆmax ≡ − ln δ
2
√
3(1 + n)
(
1 + 2n
3
) . (53)
However such values of the slow-roll parameters give a blue spectral index:
ns − 1 = 2η − 6 ' 2η > 0 . (54)
As φˆ increases even further, for ϕˆ ϕˆmax, the positive exponential dominates and the
slow-roll conditions cease to be valid since one obtains η ' 2 ' 4
3
(1 + n)2. This takes
place however still within the regime of validity of the effective field theory [22].
• φˆip1 . φˆ . φˆip2: in the region in field space between φˆip1 and φˆip2 the scalar potential
is dominated by the e
− 1√
3
φˆ
term:
Vinf '
m2φ
4
(
3− 4 e− 1√3 φˆ
)
, (55)
which gives rise to slow-roll parameters of the form:
 ' 3 η
2
2
where η ' −4
9
e
− 1√
3
φˆ  1 for φˆ & φˆip1 . (56)
The number of e-foldings Ne can be worked out using the approximate potential (55):
Ne =
∫ φˆ∗
φˆend
Vinf
V ′inf
dφˆ '
√
3
4
∫ φˆ∗
φˆend
(
3 e
1√
3
φˆ − 4
)
dφˆ =
[
9
4
e
1√
3
φˆ −
√
3 φˆ
]φˆ∗
φˆend
, (57)
where φˆ∗ is the value of φˆ at horizon exit whereas φˆend ' 1 is the point where inflation
ends. A good estimate for the maximum number of e-foldings which is compatible
with the observed value of the spectral index can be obtained by setting φˆ∗ = φˆip2:
Nmaxe '
9
4
δ−
1
3+2n +
3
3 + 2n
ln δ +
√
3− 9
4
e1/
√
3 , (58)
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showing that more than 60 e-foldings requires δ . 3 · 10−(5+3n). Expressing δ in terms
of gs from (30), the previous expression for N
max
e can also be rewritten as (setting
CKK1 = C
KK
2 = C
W
12 = κ122 = 1 which implies α = 1/
√
2):
Nmaxe '
k1
gk2s
+ 3k2 ln gs + k3 , (59)
where k1, k2 and k3 are positive n-dependent parameters defined as:
k1 ≡ 9
4
2−
1+n3
3+2n
(n+ 1)
1
3+2n
, k2 ≡ 4(1 + n/3)
3 + 2n
, k3 ≡
3 ln
[
(1 + n)21+
n
3
]
3 + 2n
+
√
3− 9
4
e
1√
3 .
The expression (59) clearly shows that the number of e-foldings is inversely propor-
tional to the string coupling to a positive power, and so smaller values of gs imply
a larger Ne. As an illustrative example, for n = 0, N
max
e & 50 requires gs . 0.07.
Therefore, situations with larger numbers of e-foldings are more fine-tuned than cases
with smaller Ne.
This is also showing that if δ ' 3 · 10−5 for n = 0 then Ne = 60 for φˆ∗ = φˆip2, but
then from (51) we realize that ns(φip2) ' 1− 4 δ2/3 ' −0.996, giving a spectral index
in tension with cosmological observations. Thus δ should take smaller values so that
horizon exit at Ne = 60 occurs well before the second inflection point.
E. Predictions for the cosmological observables
The spectral index and the tensor-to-scalar ratio evaluated at horizon exit are given by:
ns = 1 + 2η∗ − 6∗ and r = 16 ∗ . (60)
As we have seen, in the slow-roll region, we have ∗ = 32 η
2
∗ which implies the following typical
prediction of this model:
r ' 6(ns − 1)2 . (61)
Using suitable values of δ . 3 · 10−(5+3n) it is possible to obtain enough e-foldings and
correctly match the observed value for the spectral index ns ' 0.96 ÷ 0.97, which in turn
gives the prediction r ' 0.005÷ 0.01.
Deviations from the correlation (61) arise for φˆ∗ close to φˆip2 where η∗ ' 0 and ∗ '
2
3
δ
2
3+2n , which lead to:
r ' 32
3
δ
2
3+2n and ns ' 1− 4 δ 23+2n . (62)
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In the extreme case δ ' 3 · 10−5 for n = 0 one obtains r ' 0.01 and ns ' 0.996.
The requirement of generating the right amount of density perturbations fixes the overall
normalization of the inflationary potential, and so the value mφ of the inflaton mass around
the minimum. The expression of the amplitude of the scalar perturbations is:
AS ≡
( gs
8pi
)(V 3/2∗
V ′∗
)2
' 2.7 · 10−7 , (63)
where again the label ∗ denotes that the relevant quantities have to be evaluated at horizon
exit, and we have included the correct normalization prefactor (gs/8pi) of the scalar potential
obtained from dimensional reduction. This relation implies (setting gs ' 0.1 and restoring
units of MP ):
m2φ ' 10−7M2P ⇔ 〈V〉10/3 '
107
g
8/3
s
' 1010 ⇔ 〈V〉 ' 103 . (64)
In turn this gives an inflationary scale close to the GUT scale (restoring units of MP ):
Minf = V
1/4
end '
(
mφ
MP
)1/4
MP ' 1016 GeV 'MGUT . (65)
IV. LOW POWER AT LARGE SCALES
A. Generalities
Inflation predicts a nearly flat spectrum of primordial curvature perturbations. In terms
of the angular power spectrum, flat means that the Fourier coefficients should all be roughly
normalized:
`(`+ 1)C`
6C2
≈ 1 . (66)
The C` are defined as:
C` =
1
2pi2
∫ ∞
0
dk k2P(k)j2` (r?k) , (67)
where r? = 14 Gpc is chosen to set the scale of the power spectrum to the size of the universe
at the surface of last scattering. The flat spectrum of (66) is achieved if P(k) scales precisely
as 1/k3. These primordial perturbations correlate directly to temperature fluctuations in
the CMB. Baryonic acoustic oscillations (BAO) populate this otherwise flat spectrum with
harmonic peaks, the fundamental of which occurs near ` = 200. The Fourier modes, C`’s,
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corresponding to the largest scales, ` ∼ 2 − 20, are not impacted by BAO effects, and so
should be nearly constant.
Observations suggest that they are suppressed rather than constant. This was first ob-
served by WMAP [3], and the significance of this anomaly has been strengthened by the
Planck results [1]. The 2` + 1 azimuthal modes associated to each C` can be considered as
independent measurements, and therefore the theoretical uncertainty on the C` mode of the
temperature variance measurements scales as 1/(2`+ 1). This large theoretical uncertainty,
known as “cosmic variance”, may well explain the observations. If this result remains ro-
bust as more observations filter in, like a correlated distribution of tensor modes, alternative
explanations may be more appropriate. Relating physics behind the power loss to other cos-
mological observables may allow for new model constraints and potentially a new window
on primordial physics. We explore this possibility in the context string inflationary models
where the inflaton is a Ka¨hler modulus, focusing in particular on the case of Fibre Inflation.
Before turning to model details, let us examine how the inflaton dynamics can result in
low power at large scales. One possible explanation for this anomaly arises from how inflation
generates the primordial curvature perturbations. The Fourier modes of the perturbations
do not evolve once they have exited the horizon. Once the acceleration has stopped, these
modes reentered the horizon, starting with the most recently produced. In this sense, looking
at large scales is like looking backwards in time.
If the dynamics of the inflaton were such that a pivot from a blue to a red-shifted spectrum
occurred just at the onset of the observationally relevant e-foldings of inflation, such an effect
could explain the observed anomaly. Put differently, a large scale power loss may be the
result of an early period of a blue-shifted spectrum. Of course, to agree with observations the
average spectral index should be less than unity. Therefore, the pivot must have occurred
sufficiently early.
A rolling scalar field can induce a pivot in the power spectrum by transitioning from one
phase of dynamics to another. The fast to slow-roll transition is a well studied example.
This requires particular details of the initial conditions which are not well understood.
Fortunately, a pivot can also occur entirely within the framework of slow-roll inflation. A
slowly-rolling scalar whose trajectory undergoes a point of inflection will cause a pivot in
the power spectrum. Since the scalar field tracks the logarithmic derivative of V as in (4),
a point of inflection can be induced by a point of inflection in the potential as φˆip2 in (49).
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This can occur either in large-field models like Fibre Inflation or in small-field models like
inflection point inflation. In the former case, the pivot arises as a transition from a phase of
power law to Starobinsky-like inflation. In the latter case, the transition is between chaotic
and inflection point inflation.
There has been some suggestion that inflection point inflation cannot admit a sufficiently
power pivot, owing to a “symmetric” property of the slow-roll parameter η. Nevertheless,
inflection point inflation can support a strong, short period of a blueshifted inflation followed
by a long, redshifted one. As discussed in [18], starting from the slow-roll trajectory above
the inflection point, there is a one-parameter family of solutions interpolating between these
two extremes. The flaw in this argument lies in the use of the slow-roll parameter η. While
the potential certainly satisfies these conditions, the dynamics does not. Upon approach to
the inflection point, the inflaton hops out of slow-roll temporarily, shifting from the dynamics
of monomial-like potential to that of the inflection point. This point is important because
precisely the same behavior occurs for the Fibre Inflation model discussed in this paper.
B. Power loss from Fibre Inflation
1. The transition and the pivot
The suppression of large scale fluctuations in the CMB can be explained by a pivot
from a blue to a redshifted power spectrum near the onset of the observationally relevant
perturbations. The existence of such a pivot can be explained naturally by the attractor
dynamics of the gravity-scalar system. Essentially what is needed is a transition between
two “phases” of inflation.
In the context of stringy models where the inflaton is a Ka¨hler modulus, positive expo-
nential terms in the potential give rise to a period of power law inflation at large inflaton
VEVs. As the inflaton rolls towards the minimum of its potential, it transitions to a period
of Starobinsky-like inflation. In this section we study this transition in the context of the
Fibre Inflation model presented above and find that it illustrates some interesting general
features.
To illustrate these features, we introduce the effect of the transition from a power law to
a Starobinsky-like dynamics using three sets of parameters. Of interest will be the behavior
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below, near and above a “critical” value of n, nc defined below. The parameters will be
(n, δ) = (0, 4.15 × 10−5), (1.2, 1.35 × 10−9) and (2, 3 × 10−12). The potential Vinf for these
parameter choices is illustrated in Fig. 1.
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L at BenchmarkParameters
FIG. 1. The scalar potential Vinf as a function of φˆ for three example points in the (n, δ)-parameter
space. In order from shallow to steep they are (0, 4.15×10−5), (1.2, 1.35×10−9) and (2, 3×10−12).
The different values of n were chosen to be below, near and above nc, respectively. The value of δ
were chosen to yield Ne ∼ 50 redshifted e-foldings of inflationary expansion.
Suppose the inflaton, φˆ, is rolling down the potential (39), from rest at some sufficiently
high VEV. When φˆ is above φˆip2, the positive exponential dominates the dynamics and the
field equation (3) reduces to:
φˆ′′ ' 1
2
(φˆ′ −
√
6)(φˆ′ +
√
6)
[
φˆ′ +
2√
3
(1 + n)
]
. (68)
Solutions to (68) asymptotically approach the middle of the three singular solutions. For
power law inflation, this requires 2√
3
(1 +n) <
√
6 for n > 0, although accelerated expansion
further requires that |φˆ′| ≈ 2√
3
(1 + n) be less than
√
2.
Owing to the parametrization of time with Ne, φ
′ = ±√6 corresponds to a period of
kinetic energy domination. There is a critical value of n, nc =
3√
2
− 1 ' 1.12, where the
power law and the fast-roll solutions degenerate. For n > nc, the inflaton will undergo a
brief period of fast-roll, as seen in Fig. 2.
This dynamics dominates while φˆ & φˆip2, after which the slow-roll conditions from the
remainder of the terms become relevant. For n > nc, the brief period of fast-roll enhances
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FIG. 2. φˆ′ is shown as a function of Ne for the same choice of parameters in Fig. 1. A steeper
potential leads to a sharper transition. The thin dashed line at −√6 represents a kinetic en-
ergy dominated solution. Note how the steepest potential induces a temporary period of fast-roll
(decelerating) expansion before approaching a Starobinsky-like, slow-roll trajectory.
the pivot from blue to redshifting, as seen in Figs. 2 and 3.
If timed appropriately, this pivot can lead to the suppression of large scale fluctuations
in the angular power spectrum, as illustrated in Fig. 4. The suppression of power at large
angular scales seen in Fig. 4 can be understood as follows. Each C` involves an integral
over the comoving wavenumber k. Evaluated at horizon exit, the measure k2dk becomes
(aH)3(1− 1
2
φˆ′2)dNe. Therefore, at lowNe, i.e at low k, the amplitude of the power spectrum is
suppressed by the velocity induced by the power law dynamics above φˆip2. This suppression
is enhanced (and a peak is formed) by the norm of the wavefunction |Qk|2. This is in part
due to the evolution of the Hankel function index ν, but also a spike in the value of (aHη)
near the transition. Depending on the choice of parameters, such a well-timed suppression
of power can interpolate between abrupt suppressing primarily the quadrupole, as with
n = 1.2, to somewhat extend, as with n = 2.
2. A phase space transition at nc
Let us consider a fixed value of δ. For n < nc, all initial VEVs of φˆ lead to the same
number of redshifted e-foldings of inflation. Increasing the initial VEV just prolongs the
duration of the power law expansion. Above nc, however, a larger initial VEV leads to fewer
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FIG. 3. The index of the spherical Hankel function h
(1)
ν associated to the inflaton wavefunction
(12) is plotted against Ne for the same choice of parameters as Fig. 1. ν = 1 corresponds to a
scale-invariant spectrum. The two shallow cases (n = 0, 1.2) offer only a weak transition to a
redshifted spectrum. The n = 2 case is strong enough to induce a sharp transition, which becomes
redshifted abruptly.
redshifted e-foldings. The reduction in inflationary e-foldings occurs because the transition
from fast-roll evolution to slow-roll inflation occurs ever further past φˆip2. In other words, φˆ
overshoots the inflection point. This is illustrated in Fig. 5.
We stress again that this is all due to the attractor dynamics of the gravity-scalar system.
Indeed, this “overshooting” behavior of the transition is reminiscent of the fixed point be-
havior of inflection point inflation [30]. Here the authors studied a one-parameter family of
inflection point models and found a critical value of the coupling for which the inflaton VEV
asymptotically approaches the inflection point. By varying the coupling near its critical
value, it was found to have the properties reminiscent of a second order phase transition.
In [26], it was shown that this phenomenon generalizes to all of phase space and general
inflection point models. Given the similarity to the Fibre Inflation case, it is tempting to
conjecture that these two models belong to the same universality class. At least to the
extent that the analogy with statistical mechanics holds.
There are notable differences between the two cases, however. The inflection point case
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FIG. 4. The (normalized) angular power spectrum for a system starting from rest using the three
parameter points from Fig. 1. The scale r? is chosen so that modes relevant for the CMB are
affected just as the system pivots, leaving 50 e-foldings of redshifted inflation. The n = 0 case
behaves as standard models of inflation, with a redshifted spectrum. The n = 1.2, 2 cases show an
initial suppression, followed by a peak, and finally an approach towards unity.
occurs with infinite, blueshifted e-foldings. This stands in contrast to the finite, redshifted
case of Fibre Inflation. These distinctions are ameliorated in the physical case of a deformed
inflection point with finite e-foldings, which suggests a relationship between the inflection
point deformation parameter and the δ parameter of Fibre Inflation. It is interesting to
observe that the δ = 0 case of Fibre inflation corresponds in some sense to an inflection point
model with an infinitely (rather than doubly) degenerate critical point — the potential is
asymptotically flat. We leave further analysis of such considerations for future work.
3. Phenomenologically viable parameters
The potential Vinf from (39) has two parameters δ and n. Taken with the initial position
and velocity of φˆ, there are four parameters in total in the model. The exact value of n
depends on the underlying string loop dynamics, and can be thought of as a scaling dimension
for the inflaton. The parameter δ ∼ g4+
4n
3
s  1 is the small number typically required by
inflationary models to achieve sufficiently many e-foldings of expansion. An interesting
feature of this model is that δ becomes automatically very small when one requires gs  1
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FIG. 5. A scan of initial values for φˆ shows a different number of redshifted e-foldings, inclusive
of the three parameter choices from Fig. 1. The behavior is universal for low initial VEV, as the
slow-roll trajectories are essentially the same — Starobinsky-like — below φˆip2. For both of the
shallow trajectories, the number of redshifted e-foldings levels off for large initial VEVs. In the
steep (n = 2) case, the value of Ne decreases for increasing VEVs. This fall off becomes more
pronounced as n grows above nc, and arises from an “overshoot” of φˆip2; φˆ transitions to the
slow-roll trajectory later and later for increasing n.
in order to trust the effective field theory. Taken together these parameters give rise to
a delicate balance of exponential terms in the effective potential, which is a fairly generic
situation in string inflationary models based on Ka¨hler moduli [20].
Because the mechanism presented above to suppress large scale perturbations is tied to
the attractor dynamics of the inflaton, the details of the initial inflaton velocity contribute
nothing beyond what was studied in [26]. Indeed, the original kinetic-energy dominated
scenario studied in [7] is generated automatically. Therefore, concerns about tuning the
initial conditions — of which we have little conceptual understanding — can be ported to
concerns about tunings in the potential.
As discussed above, there are some issues with the initial value of the inflaton. At least to
the extent considered here, any restrictions on the initial φˆ are degenerate with the choice of
δ. Given a full model of inflation and reheating, it may be possible to break this degeneracy,
perhaps with the precise value of ns and its running.
In Fig. 6 the number of redshifted e-foldings of inflation is illustrated in the (n, δ)-plane.
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The phenomenologically favored region of 40 . Ne . 60 with n > nc is shown as a bounded
region. The three example points used in the Figures above are also highlighted.
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FIG. 6. The number of redshifted e-foldings of inflation is shown in the (n, log10 δ) parameter space.
The line of arrows represents nc, and points to the region with fast-roll behavior. The dashed lines
are contours of constant e-foldings, at 40, 50, 60 and 100 in descending order from the top right.
Sufficient power loss and the requisite number of e-foldings limit the Fibre Inflaton model to the
strip on the right side bounded by these contours. Note that the precise value of Ne depends on a
number of model details like, for example, the systematics of reheating.
We end this section with a final comment on initial VEVs. The fast-roll period of inflation
cannot happen over a large region of field space since V is bounded above by the Kaluza-Klein
scale. As a result, a larger initial φˆ strongly constrains the overall scale of the potential.
This is useful given that the potential of a canonical scalar field enters the equations of
motion via its logarithmic derivative (3). Given the finite range of φˆ allowed when n > nc
(see Fig. 5), this may lead to a correlation between power loss and the scale of inflation. We
leave this interesting matter for future work.
V. DISCUSSION
The observation of a slightly redshifted spectrum of temperature fluctuations gives a
strong constraint on models which attempt to describe the early universe. Moreover, the
small but persistent evidence for a suppression of power at large angular scales warrants a
theoretical mechanism. This mechanism can be based on the primordial dynamics of the
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background which generates an appropriately timed pivot from a blue to a redshifted power
spectrum.
While a definitive observation requires a considerably enhancement in statistical signifi-
cance — which is non-trivial to attain given considerations of cosmic variance — the imprint
of a primordial semi-classical dynamics of the inflaton on the CMB is an intriguing possi-
bility.
In this work we have explored this possibility using scalar potentials derived from string
models of inflation based on Ka¨hler moduli [20]. What we have found mirrors the inflection
point case studied in [18]: a pivot in the power spectrum is generated when the inflationary
dynamics undergoes a transition. In the present case, this transition is to a Starobinsky-like
slow-roll phase from a fast-roll period generated by power law dynamics. The pivot is strong
enough only if the field velocity during the power law phase — dictated by the coefficient
of φˆ in the dominant exponential term — is very large. In other words, we have given a
concrete realization of the scenario proposed by [7]. Just as the standard arguments for
inflation, this scenario enjoys the stability afforded by the attractor dynamics.
By focusing on the case of Fibre Inflation [22] and by parameterizing the potential in
terms of a scaling dimension n and a tuning parameter δ, we investigated how this transition
can give rise to large scale power suppression. We found a critical value nc above which a
pivot in the power spectrum can be sufficiently sharp. Above nc, the space of possible
initial conditions also changes, as the fast-roll phase of the inflaton tends to overshoot the
Starobinsky-like region of the potential. This gives an interesting parallel to the work of
[30]. The roˆle of δ in this analysis is the standard “small number” required to achieve the
appropriate number of inflationary e-foldings.
Importantly, δ scales with a positive and large power of the string coupling, as seen
from (30). The validity of the effective field theory requires gs to be small, and therefore
δ is also suppressed. While this affords a sizable number of e-foldings, gs does not need
to be extremely fine-tuned. For the case of n = 2, fifty redshifted e-foldings amounts to
δ ∼ g20/3s ∼ 10−11, suggesting gs ∼ 10−33/20 ∼ 0.02. Such a number is fairly small but not
unreasonable. Since larger Ne would require an even greater tuning in δ, any “coincidence
problem” with respect to the timing of the pivot can be reinterpreted as a naturalness
condition on gs.
A by-product of this analysis is an exception to the conventional wisdom surrounding
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various models for power suppression and redshifting. Owing to the cubic nature of the
potential near the inflection point, it is often argued that (i) twice the observed number
of e-foldings are required to ensure they are redshifted and because of this (ii) significant
power loss from inflection point models is impossible to achieve. Moreover, (i) indicates that
observations require a much strong flattening — and therefore tuning — of the potential to
achieve sufficient e-foldings. These claims are based on the fact that the slow-roll parameter
η is “symmetric” about the inflection point.
This suggests that alternative scenarios, like Fibre Inflation, would give an enhanced
ability to generate such power loss due to the fact that η is “asymmetric” in the inflationary
region. η is quite asymmetric for n = 0, which corresponds to the standard case of Fibre
Inflation and the power spectra look surprisingly close to the inflection point case. Low
power requires something else entirely.
The symmetric-asymmetric η argument fails because the slow-roll approximation breaks
down during a transition from one phase of inflation to another. For the pivot — and
therefore loss of power — to be sharp, the inflaton velocity must change abruptly. In the
inflection point case, this is obtained near an attractor phase transition (and more generally
near the boundary of the basin of attraction). For the Starobinsky-like case considered in
this work, it is induced by the abrupt exit from a period of fast-roll power law dynamics.
Note also that a sharp transition, as seen with the n = 2 case above, markedly reduces
the required total number of e-foldings to achieve the expected Ne ∼ 50 or so of redshifted
expansion.
It is interesting that the background evolution of the parameter Ξ and the wavefunction
Qk are remarkably similar for both the Starobinsky-like and inflection point cases. We
intend to further investigate this relationship in future work.
Note added: This paper is submitted simultaneously to the related work [31].
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